Coarse graining and scaling in dissipative particle dynamics by Füchslin, R M et al.
University of Zurich
Zurich Open Repository and Archive
Winterthurerstr. 190
CH-8057 Zurich
http://www.zora.uzh.ch
Year: 2009
Coarse graining and scaling in dissipative particle dynamics
Füchslin, R M; Fellermann, H; Eriksson, A; Ziock, H J
Füchslin, R M; Fellermann, H; Eriksson, A; Ziock, H J (2009). Coarse graining and scaling in dissipative particle
dynamics. Journal of Chemical Physics, 130(21):214102.
Postprint available at:
http://www.zora.uzh.ch
Posted at the Zurich Open Repository and Archive, University of Zurich.
http://www.zora.uzh.ch
Originally published at:
Journal of Chemical Physics 2009, 130(21):214102.
Füchslin, R M; Fellermann, H; Eriksson, A; Ziock, H J (2009). Coarse graining and scaling in dissipative particle
dynamics. Journal of Chemical Physics, 130(21):214102.
Postprint available at:
http://www.zora.uzh.ch
Posted at the Zurich Open Repository and Archive, University of Zurich.
http://www.zora.uzh.ch
Originally published at:
Journal of Chemical Physics 2009, 130(21):214102.
Coarse graining and scaling in dissipative particle dynamics
Abstract
Dissipative particle dynamics DPD is now a well-established method for simulating soft matter systems.
However, its applicability was recently questioned because some investigations showed an upper
coarse-graining limit that would prevent the applicability of the method to the whole mesoscopic range.
This article aims to re-establish DPD as a truly mesoscopic method by analyzing the problems reported
by other authors and by presenting a scaling scheme that allows one to apply DPD simulations directly
to any desired length scale.
Coarse graining and scaling in dissipative particle dynamics
Rudolf M. Füchslin,1,a Harold Fellermann,2,3 Anders Eriksson,4 and Hans-Joachim Ziock5
1Artificial Intelligence Laboratory, University of Zürich, Andreasstr. 15, CH-8500 Zürich, Switzerland
2Department of Physics and Chemistry, University of Southern Denmark,
Campusvej 55, 5230 Odense M, Denmark
3ICREA-Complex Systems Lab, Universitat Pompeu Fabra (GRIB),
Dr Aiguader 88, 08003 Barcelona, Spain
4Department of Energy and Environment, Chalmers University of Technology,
SE-41296 Göteborg, Sweden
5Self-Organizing Systems, EES-14, MS-D462, Los Alamos National Laboratory,
Los Alamos, New Mexico 87545, USA
Received 13 January 2009; accepted 7 May 2009; published online 2 June 2009
Dissipative particle dynamics DPD is now a well-established method for simulating soft matter
systems. However, its applicability was recently questioned because some investigations showed an
upper coarse-graining limit that would prevent the applicability of the method to the whole
mesoscopic range. This article aims to re-establish DPD as a truly mesoscopic method by analyzing
the problems reported by other authors and by presenting a scaling scheme that allows one to apply
DPD simulations directly to any desired length scale. © 2009 American Institute of Physics.
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I. INTRODUCTION
Dissipative particle dynamics DPD was introduced in
1992 by Hoogerbrugge and Koelman1 as a novel method for
performing mesoscopic simulations of complex fluids. Since
then, the method has gained significant theoretical support
and refinement2–5 and has been applied to fluid dynamics in
numerous research areas such as rheology,1,6–8 material
sciences,9,10 and molecular biology, where membranes,11,12
vesicles,13,14 and micellar systems15–17 have been modeled.
Initially, DPD was understood to be a truly mesoscopic
method able to bridge the whole gap between the underlying
atomistic scale in the range of nanometers and nanoseconds
that is accessible by molecular dynamics MD simulations
and the macroscopic scale in the range of micrometers and
milliseconds considered by continuum descriptions. To ful-
fill this promise, it is crucial that the method is scalable,
meaning that its coarse-graining level can be adjusted with-
out introducing serious artifacts that would render the
method worthless.
In fact, it was originally stated that the DPD method is
scale-free, meaning that the parameters used in the simula-
tion do not depend on the level of coarse graining.3 In a later
publication,12 this earlier finding was declared erroneous,
and it was proposed that interaction parameters determining
the conservative forces between DPD particles scale linearly
with the coarse-graining level.
Based on this linear scaling relation, the performance of
DPD was analyzed for various coarse-graining levels,18,19
and it was found that there exists an upper coarse-graining
level above which the simulated fluid freezes. Trovimof19
reported that this coarse-graining limit is disappointingly low
and only allows up to about ten water molecules to be
grouped together into one DPD particle. This limit would
prevent DPD from covering the whole mesoscopic range and
confines its applicability essentially to the order of magni-
tude of MD simulations. Dzwinel and Yuen18 even concluded
that the DPD method would be best suited for the simulation
of vapors and gases where the freezing artifact would hap-
pen only for much higher coarsening levels.
The usual method of expressing dynamics in DPD ex-
presses the according equations in reduced units, as it is done
in several other branches of physics. Using reduced units has
considerable advantages. One and the same equations rep-
resent a whole family of physical systems, which means that
qualitative and quantitative statements about the behavior of
one system can be translated into the behavior of another
one. Nonetheless, different members of this family, e.g., pa-
rameterized by some typical length scale, may exhibit differ-
ent physical properties. An important example for the usage
of reduced equations is given by the continuous field descrip-
tion of hydrodynamic flow, the reduced Navier–Stokes equa-
tions. These reduced equations have the same form for all
systems with identical Reynolds and Euler number, though
these systems differ with respect to physical parameters,
such as the viscosity.
In contrast to the Navier–Stokes equations, which are
basically determined by conservation laws, dynamic equa-
tions describing a particle-based approach are subject to ad-
ditional, method related features. For DPD, the relation be-
tween different physical systems represented by the same
reduced dynamic equation critically depends on the coarse-
grainig procedure one uses. Changing the coarse-graining
level affects various properties of the “particles” of a
particle-based method. Whereas the scaling of some of these
features is motivated by physical considerations for ex-
aAuthor to whom correspondence should be addressed. Electronic mail:
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ample, the number of DPD particles times the particle mass
should be constant, the choice of the scaling of others e.g.,
the cutoff radius, see below is subject to some freedom.
In this article, we study the consequences of different
coarse-graining procedures with respect to the reduced dy-
namical equations the according system defines. The purpose
of this work is threefold.
1 As our main result, we argue that the original statement
that DPD is scale-free can be upheld for equilibrium
systems by the usage of an appropriate scaling scheme
for the usual DPD interactions cf. Eq. 2. Our coarse-
graining procedure renders all interaction parameters,
including the elastic conservative one, to scale in such a
manner that expressing in reduced units the dynamics
of physically equivalent but differently sized systems
leads to completely scale-free equations.
2 For nonconventional interactions, e.g., surface terms,
independence of length scale cannot anymore be
achieved. This is physically plausible. Such systems
tend to exhibit a typical length scale e.g., in domain
formation and consequently, systems on different
length scale will look different even when expressed in
reduced units. However, we will demonstrate that our
coarse-graining procedure does not result in an unfa-
vorable scaling of the interaction parameters. This
means. If a system can be simulated with DPD on small
scales, at least the scaling of the interactions does not
prevent a simulation on a larger scale though there
may be other, system specific issues to be dealt with.
3 DPD is also used for the simulation of transport pro-
cesses and certain nonequilibrium simulations.
Whereas, e.g., for the determination of phase diagrams
the time scale plays a somewhat minor role and is
closely related to choice of the energy scale, the simu-
lation of transport phenomena requires a proper calibra-
tion of time. We will discuss some of the consequences
of this calibration.
In order to present our argument, we need to define the
nomenclature used and introduce some notation. By “coarse
graining” we understand the operation of coalescing  physi-
cal particles into one DPD particle.12 By N, we denote the
total number of DPD particles in a simulation and it holds
that N=Nphys, with Nphys being the number of physical mol-
ecules the simulation represents. The main objective of this
article is the comparison of DPD simulations with different
coarse-graining levels  and , which motivates the intro-
duction of the scaling ratio =N /N= /. In what follows,
functions of  will be used to describe the scaling of various
quantities at different coarse-graining levels.
By “scaling” we refer to the functional relation between
the respective parameters of two systems with different
coarse-graining resolutions  ,. In general, simulation
quantities and parameters X will be functions of their respec-
tive coarse-graining levels; we write X=X and X=X.
Conventionally, DPD operates in reduced units, such that
energy is measured in units of , length in units of a force
cutoff radius rc, and mass in units of m, the mass of a single
DPD particle; in these units, length, mass, time and energy
are dimensionless. We adhere to this practice with the sole
difference that we use a time  instead of an energy as the
basic unit. That a quantity is expressed in reduced units with
respect to its coarse-graining level is denoted by a tilde; we
use X˜ ,X˜ .
In DPD, one usually sets the time unit to
 = rcm/ , 1
with rc and m defined as above and  determining the unit of
energy, most often set to =kBT. Choosing =rcm /kBT is
especially convenient for investigations of equilibrium states
e.g., amphiphilic phases but other choices are possible as
well, such as comparing simulated with experimental trans-
port coefficients is a way to determine time scales in non-
equilibrium settings. In principle, one has complete freedom
to choose the time scale; however, if the unit of time, length
and mass are fixed and the system is governed by a dynamics
according to the equations of motion Eq. 2 below, the
unit of energy is also given Eq. 1.
Restating the objective of this work in more technical
terms, we will construct a family of DPD calculations such
that its members share physical properties, namely tempera-
ture and compressibility, but represent physical systems us-
ing different length and time scales. Further, we will show
that through this procedure, which is based on an appropriate
scaling of length and time units together with a specific
coarse-graining procedure, the velocity increments calcu-
lated from integrating the equations of motion of the DPD
particles expressed in reduced units cf. Eq. 2 below do
not depend on the coarse-graining value, i.e., are the same
for all members of the constructed family. This is in contrast
to earlier publications.12,20 Our result implies that, in reduced
units, a DPD calculation performed for a system with small
extensions and over a small time interval is numerically
identical to one for a much larger system and covering a
longer time range.
Using the above notational conventions, one may sum-
marize the combined relative coarse graining i.e., scaling by
a factor  and change of units with the following diagram:
X
Change of coarse
-graining φ
 
Reduction of
units for ν
 
X 
Reduction of
units for ν
 
X˜ X˜ 
The nontrivial fact that two physically equivalent systems,
e.g., only differing in their size, exhibit the same reduced
equations then alters the above scheme to:
214102-2 Füchslin et al. J. Chem. Phys. 130, 214102 2009
Downloaded 07 Apr 2010 to 89.206.64.23. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
XScaling
and zooming
 
Unit reduction
for ν  





 X 
Unit reduction
for ν 





X˜ = X˜ 
The article is structured as follows. In Sec. II A, we dis-
cuss the results of Groot and Rabone12 and specify where we
deviate from their analysis. We show that their approach of
decreasing the number of DPD particles namely the particle
density while keeping relevant properties in particular the
particles’ radius of interaction constant is not appropriate.
The alternative scaling process we employ is schematically
shown in Figs. 1a and 1b. When we change the level of
coarse-graining for the DPD particles, we accordingly scale
their number and adjust their size radius of interaction.
Figure 1c depicts the main result to be shown in this
article, namely that by employing the correct scaling rela-
tions and unit reduction one has a complete equivalence of a
simulation performed at the scale of Fig. 1a with the
zoomed version in Fig. 1c. This demonstration is split into
two parts. In Secs. II B and II C, we change the interaction
parameters according to the necessities of the adopted scal-
ing procedure upper arrow of diagram 1. The interaction
parameters have to be changed such that when a system with
many DPD particles is mapped onto one with fewer but
larger and heavier particles, the overall system properties are
maintained. Sec. II D presents simulation results that cor-
roborate the derived scaling relations.
In Sec. III, we analyze the behavior of the DPD algo-
rithm when the rescaled system is expressed in its own set of
reduced units and the system size effectively is increased to
recover the original number of particles. The change of units
affects the natural energy scale given by =mrc
2 /2, and we
will show that as a result of our chosen scaling the numerical
values that appear in the reduced unit system Fig. 1c are
identical to those of the original one and, as a consequence,
their dynamics are equivalent, thereby establishing diagram
2, in particular X˜ =X˜ .
Also in Sec. III, the question about the time scales is
taken up again. We show that the presented scaling behaves
consistently under different methods of time calibration us-
ing different transport processes as a measure. In the con-
cluding discussion, we comment on conservative interactions
with a more complex physical scaling behavior than the re-
pulsion given in Eqs. 2 and the resulting consequences for
upscaling DPD.
II. SCALING DPD
Excellent descriptions of the DPD method are given in
various articles. We will not recapitulate the method itself
but instead refer to Groot and Warren.3 Here, we only give
the definitions of the conservative, dissipative, and random
forces in order to define the notation of the parameters:
Fij
C
= aijij1 − rij
rc
rˆij ,
Fij
D
= − Drijvi − v j · rˆijrˆij , 2
Fij
R
= Rrij	ijrˆij ,
where rij is the Euclidean distance between the centers of
particles i and j, rˆij is the unit vector pointing from the center
of particle j to that of particle i, and ij equals one for pairs
of particles whose centers are separated by distances less
than the force cutoff radius rc and equals zero otherwise. The
parameter aij determines the magnitude of the conservative
interaction and will be regarded in this work as being the
same for all pairs of particles: aij =a for other types of in-
teraction, see the discussion, 	ij is a random variable with
Gaussian statistics, a vanishing mean and a variance of 1 /
t
for the numerical time step 
t see, e.g., Gardiner21. As a
consequence, the unit of 	ij is time−1/2. Furthermore, the val-
ues of 	ij in two different time intervals are uncorrelated. In
general, if i , j and k , l are different pairs of particles, 	ij
and 	kl are independent; however, in order to guarantee the
centrality of all forces, one must require that 	ij =	 ji.
The following dissipation-fluctuation relation2 leads to a
thermal equilibrium at a given temperature T:
2kBTDr = 2Rr2. 3
Without loss of generality, we may take Dr= Rr2 for
the dimensionless weighing functions Dr and Rr. The
dissipation-fluctuation relation 3 then reduces to
2 = 2kBT . 4
One is free to choose either Dr or Rr without changing
the thermodynamic equilibrium, but it is customary in the
literature to take Rr=1−r /rc mimicking the conservative
force FC. One also notes that through Eqs. 3 and 4, the
relations between the parameters therein are dependent on
the temperature.
a
b
Magnify
rc
rc
rc
Reduction of units c
Scaling
FIG. 1. Starting from frame a, coarse graining is performed that in this 2D
picture coalesces four of the original DPD particles into one coarse-grained
particle, leading to frame b. Associated with this coarse graining, a renor-
malization or scaling is performed that changes the interaction parameters
but leaves the physical units unchanged i.e., for the figure rc=2rc. This
step also involves scaling some of the interaction parameters in order to
maintain relevant physical properties of the system. In transitioning to frame
c, the overall system is expressed in terms of reduced units. The dynamics
in the reduced unit system frame c is numerically exactly the same as in
frame a. In fact, frame c is effectively a zoomed version of frame a.
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In this paper, the physical molecules will refer to bulk
fluid particles such as water, which is in accordance with
the cited literature. Other systems, such as those including
surfaces involving binary fluids, will be commented on in the
discussion.
A. Compressibility and equation of state
Following Groot and Warren,3 we analyze the scaling
behavior of the conservative interaction parameter a by re-
lating the thermodynamic definition of the isothermal com-
pressibility T to the equation of state involving a of a
system of DPD particles. The isothermal compressibility is
defined as the fractional change in the volume V that results
from a change in the pressure P of the system, in a process
where the temperature T is constant,
T = −  1V VPT = 1 PT. 5
Here  denotes the number density of particles, i.e., N /V. It
is convenient to define the dimensionless parameter −1 by
−1 =
1
kBTT
=
1
kBT
P

, 6
which we require to be invariant under scaling,
 1kBTTsimulation =  1kBT P simulation
=  1kBT Pn experiment = const. 7
Here, n= denotes the molecular number density of the
physical system.
The equation of state relates the pressure with the par-
ticle number density . From simulation results, Groot and
Warren3 evaluated the virial expression
P = kBT +
1
3V	
ji rijFijC
= kBT +
2
3
2
0
rc
ra1 − r
rc
grr2dr . 8
Here, gr denotes the radial distribution function. For den-
sities 2 in reduced units i.e., more than two particles in a
cubic box with linear dimensions of rc, Groot and Warren
found the following equation of state to be a good approxi-
mation to the numerical simulations:3
P = kBT + a2,  = 0.101 0.001 . 9
Note that  has the dimension of length4. From this, one
concludes that the part of the pressure caused by the conser-
vative interaction scales linearly in a. Further, from Eq. 7,
we obtain that at constant temperature
1
kBT


kBT + a2 = const. 10
Using  /, as defined above, it follows that
1 +
2an
kBT
= const. 11
Since n and T are constant, Groot and Rabone12 concluded
that a must scale linearly with = / in order to maintain
isothermal compressibility under a change of the coarse-
graining level.
Several authors regard this scaling as an inherent draw-
back of the DPD method since on the micrometer scale the
method would appear to be effectively thwarted. We claim
this conclusion to be wrong, i.e., only valid for the coarse-
graining procedure used by Groot and Rabone.12 The prob-
lem is rooted in the construction of the equation of state Eq.
9. In their computer simulations, Groot and Rabone12 de-
creased the density of DPD particles while keeping the inter-
action cutoff radius rc constant. This approach allows one to
keep the system behavior invariant by scaling the interaction
parameters while changing the DPD particle density without
altering their properties. However, we claim that proper scal-
ing means lowering the number of employed DPD particles
while simultaneously enlarging their interaction radius. The
difference is illustrated in Fig. 2. Frame A is taken to be a
system with fine coarse-graining. Frame B represents a
scaled system with a lower DPD particle density but un-
changed particle diameters. The result is that the mutual
overlap of the soft particles is smaller as seen in frame B.
Hence, it is intuitively clear that the interaction parameter
has to be increased in order to keep the system properties
constant. Formally, this argument is reflected in Eq. 11. In
contrast, frame C shows the system with the same scaling
c
graining
r
rc
rc
A
C
B
Coarse−
Decrease
of density
FIG. 2. Schematic of the scaling process. Frame A shows a DPD simulation
with a cutoff radius of rc. Frame B depicts the coarse-graining procedure
performed in Groot and Rabone Ref. 12. With changing particle density,
the particle diameter is kept constant while the interparticle force is in-
creased to maintain the system pressure. However, in order to properly
conserve systemic parameters such as compressibility, both the interaction
parameter and the interaction cutoff radius need to be increased as measured
in physical units. Frame C depicts the proper scaling in coarse graining.
Along with a decrease of the particle density in physical units, the inter-
action range is increased. In this case, the interaction parameter a scales
differently than in frame B in order to preserve systemic properties.
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ratio as for frame B but with the relative overlap of the
interacting particles kept constant, which is accomplished by
scaling rc. A closer examination of frame C shows that it is
part of a magnified version of frame A, namely a system
where all the lengths associated with a single DPD particle
have been uniformly scaled by a factor  while keeping the
system size constant L=L. This results in the following
scaling relations for the coarse-graining level, number, mass,
and size of DPD particles,
 =  ,
N = −1N ,
12
m = m ,
rc = 
1/drc,
where d is the number of dimensions of the system see
Fig. 2C.
B. Scaling of the potential energy
We start by calculating the change of potential energy U
of a system of DPD particles enclosed in a box that under-
goes compression. This change is related to the compressibil-
ity of the system and is required to be invariant under scal-
ing. In practice, we require the dependence of a on , such
that the chosen coarse-graining level does not affect the com-
pressibility. For the uncompressed system, we have
U0 = 

i
N


ji
ija
2rc
rij − rc2. 13
This equation holds for soft core repulsions which are used
throughout the literature. In general, the potential may be
viewed as a harmonic approximation of any potential close
to an energy minimum. For an isotropically compressed sys-
tem with box length 1−L, where 1 is the relative com-
pression parameter, the change in the interparticle distance

rij is not assumed to be the same for all pairs of par-
ticles. However, we require that

rij = rij +O2 , 14
which means that we rule out first order phase transitions
under compression. The total potential energy of the com-
pressed system is then given by
U = 

i
N


ji
ija
2rc
rij − 
rij − rc2. 15
To first order in , we obtain for the change of internal
energy

U = U − U0 = 

i
N


ji
ija1 − rij
rc
rij . 16
Because the change in potential energy of the system as a
whole has to be invariant under scaling, we have


i
N


ji
N
ija1 − rij
rc
rij = 

i
N


ji
N
ija1 − rij
rc
rij . 17
Due to the scaling of N, the number of terms in the sum of
the right hand side of Eq. 17 is proportional to −1. The
number of terms for the inner sum is effectively unchanged
due to ij which limits interactions solely to the nearby par-
ticles whose number the scaling leaves unchanged. Since we
require 
U to be invariant under scaling, the force constant a
has to scale as
a = 1−1/da , 18
the 1 coming from the change in the number of terms in the
sum and the −1/d from the change in length scale. This
scaling is the result of our requirement of maintaining the
fractional particle overlap during the change of the coarse-
graining level.
C. Scaling of time and energy, dissipation,
and fluctuations
Beside compressibility, the temperature in the simulation
should also be unaffected by the coarse graining. Hence, we
require
T = T . 19
As detailed in the introduction, there is a gauge freedom
for the choice of the time unit,
 = time . 20
We employ this freedom by scaling the time unit equal to the
length unit, i.e.,
time = 1/d, 21
and thus =1/d, the motivation for which will become
clear in the following. As also described in the introduction,
the freedom to set the time unit also affects the energy unit
for which we get
 = m
rc
2
2
=  . 22
The behavior of  and  under scaling remains to be
determined. Examining Eq. 8, we note that the pressure is
independent of  and . This means that, with respect to
static compressibility, we have significant freedom in the
choice of the scaling function therm,
 = therm ,
23
 = therm1/2 ,
the latter equation is a consequence of =2kBT and,
due to the scaling of the unit of energy, kBT=kBT.
Dimensional analysis motivates the choice
therm = 1−1/d, 24
which in turn implies that
214102-5 Coarse-graining and scaling in DPD J. Chem. Phys. 130, 214102 2009
Downloaded 07 Apr 2010 to 89.206.64.23. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
 = 1−1/d ,
25
 = 1−1/2d .
This specific choice will later be shown to be crucial for
establishing the scalability of the method but investigations
with other goals such as deciding on a coarse-graining level
 with the fewest artifacts may require alternative gauges.
To summarize what has been established throughout the
last two sections, changing the level of coarse graining in
DPD requires the following scaling relations:
N = −1N, a = 1−1/da ,
m = m,  = 1−1/d ,
26
rc = 
1/drc,  = 
1−1/2d ,
 = 1/d,  =  .
D. Validation by simulations
In order to illustrate the correctness of the above scaling
arguments, we have measured the pressure in simulations for
different coarse-graining levels i.e., a box of constant size
L=50 in arbitrary, but absolute units with DPD particles of
different radii. Simulation parameters for =1 are rc=1,
m=1, =3.0, =4.5, =3.0, and a ranging from 0 to 50,
again in arbitrary units. These parameters have been scaled
according to Eq. 26 for other coarse-graining values. We
want to show that the pressure of this system is invariant
under scaling, for all values of a and T, if we follow the
described scaling relations.
First, we measure the pressure of a DPD fluid in a closed
three-dimensional box with reflective walls see Fig. 3.
When a particle collides with a wall, it is reflected elastically
and the instantaneous impulse normal to the wall is mea-
sured. The pressure is once measured as the time average of
the normal forces on the walls per unit time divided by the
surface area of the cube, P= m
v / A
t, where A is the
area of the box and 
v is the component of the particle
velocity orthogonal to the wall. Second, the pressure is
measured from the conservative force via the viral theorem
Eq. 8.
Figure 3 shows the pressure measured as a function of
a /2/3 for a system with hard walls and where =1 circles,
=8 squares, and =125 diamonds. Hollow symbols
give the pressure calculated by wall collisions, whereas solid
symbols give the pressure calculated via the virial theorem.
The two coincide within the standard deviation smaller than
the size of the symbols. For each coarse-graining parameter
the equation of state Eq. 9 is reproduced accurately for
small values of a. On the one hand, for a=0, the case of an
ideal gas, the pressure should be given by
Pa=0 = −1NkBT/V = kBT , 27
which it indeed is seen to be for all values of . On the other
hand, kinetic gas theory establishes
P = mv2/3. 28
This constitutes a relationship between the thermostat and
the conservative mechanical interactions with the walls,
which is nontrivial for the DPD equations of motion. The
way we measure the pressure gives a direct relation to v2.
The pressure calculated from kinetic quantities Eq. 28
coincides with the value required from the thermodynamic
relation Eq. 27.
We however note that the slopes of the three curves dif-
fer, which indicates that  in Eq. 9 depends on the relative
box size L /rc in hardwall simulations. This is most likely due
to a crowding of DPD particles at the boundary of the box
whose walls lack any repulsion potential.
This problem can be avoided by the use of periodic
boundary conditions again in a box of size L=50 and then
measuring the pressure via the virial theorem which has
been shown to coincide with the pressure obtained by wall
collisions in the previous simulation. Results are shown in
Fig. 4 for different repulsion parameters a in 0,100 /2/3
and various coarse-graining ratios  in 1,125. In the case of
periodic boundary conditions, the pressure is found to be
independent of the coarse graining. The result confirms the
correctness of the scaling scheme summarized in Eq. 26.
III. REDUCTION OF UNITS
Our goal is now to show that the velocity increments 
v
obtained from integrating the forces are unchanged when the
scaling is combined with the according reduction of units,

v˜=
v˜, which implies that the relative particle motions are
unaffected by scaling in the reduced unit systems.
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FIG. 3. Color online Pressure in a DPD simulation with reflective walls
for different coarse-graining ratios =1 circles, =8 squares, and 
=125 diamonds and various repulsion parameters a in 0,50 /2/3. Hol-
low symbols give the pressure calculated by wall collisions, whereas solid
symbols give the pressure calculated via the virial theorem. The two coin-
cide within standard deviation smaller than the size of the symbols. For
each coarse-graining parameter the equation of state Eq. 9 is reproduced
accurately for small values of a. For the ideal gas scenario a=0, the
theoretical prediction of P=kBT is recovered independent of . The slopes
of the curves differ, which indicates that  in Eq. 9 depends on the relative
box size L /rc in hardwall simulations.
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The random variable 	ij has the unit −1/2, as noted in the
discussion following Eq. 2. Given the scaling of , it fol-
lows that
	ij = 
−1/2d	ij , 29
and therefore
	ij = 
1−1/d	ij . 30
This is the same scaling as seen for a Eq. 18 and for 
Eq. 25. As a consequence, all three force components in
Eq. 2 scale by a factor 1−1/d. When velocity increments
are calculated during one time step, one finds that the force
scaling is canceled by the scaling of mass and time,

vi = 

ji
Fij
m

t =
1−1/d1/d



ji
Fij
m

t = 
vi. 31
Since 
r˜=
r /rc and 
t˜=
t /, we get for the veloc-
ity increment by considering

v˜i = 
r˜i/
t˜ = 
vi/rc. 32
Because time and length scale in the same way we get
 /rc= /rc. Combining this with Eq. 31 one finally obtains

v˜i = 
v˜i, 33
which implies that trajectories are numerically equal,
r˜t˜ = r˜t˜ . 34
What remains to be shown is the scaling of the reduced
parameters a˜, ˜, and ˜. Since a scales like energy over
length, when going to the reduced units of the primed sys-
tem, we have
a˜ = a
rc

=
1−1/d1/d

a
rc

= a˜ , 35
and similarly, since  scales like energy over length and
velocity, from ˜=rc
2 /  we get
˜ = 
rc
2

=
1−1/d2/d
1/d

rc
2

= ˜ . 36
From the fluctuation-dissipation relation it follows again that
˜ = ˜ . 37
Hence, scaling and unit reduction precisely cancel each
other. As a result, the DPD formalism is scale-free for inter-
actions as given in Eq. 2, if space and time are scaled
appropriately. This means that the calculation with a single
set of parameter values represents systems at arbitrary
lengths scales, which establishes the numerical equivalence
of zoomed systems as described in Fig. 1c.
IV. SUMMARY AND DISCUSSION
We have shown that the coarse-graining procedure in
DPD can be chosen in such a manner that the different physi-
cal systems represented by the reduced DPD dynamics share
some physical properties, such as compressibility. This was
achieved by the combined effect of a specific scaling of the
force cutoff radius of DPD particles, a proper choice of the
time scaling, the reduction of units, and finally by requiring a
specific but obvious scaling of  and .
The independence of scale shown for bulk fluids cannot
necessarily be upheld for other types of interactions, e.g., for
binary mixtures of liquids A and B where several conserva-
tive interaction parameters occur, such as aAA ,aAB ,aBB.
Whereas bulk interactions given by aAA ,aBB scale as dis-
cussed in this article, aAB is a surface term that determines
interfacial energy and therefore scales differently. For bulk
interactions, in the presented scheme the energies associated
with individual DPD particles when measured in physical
units scale in physical units linearly with , i.e., they are
proportional to the number of molecules a DPD particle rep-
resents. While this proves to be adequate for simulating elas-
tic properties, nonelastic, surface dependent interaction pa-
rameters scale again in physical units with C ,C1.
Repeating the calculation presented in this work, it then turns
out that those interaction parameters effectively shrink with
an increase of the coarse graining. This is physically plau-
sible. Assume a system that exhibits domain formation. On a
sufficiently small scale, the domain boundaries will occur
as planar indicating a large surface energy compared to the
bulk energies whereas on a scale above the typical domain
size, minimization of surface no longer plays a dominant
role. This means that if a DPD calculation can be performed
at a small scale, then, at least with respect to the scaling of
parameters, calculations at larger scales will also be feasible.
Our calculations reestablish DPD as a method to analyze
static properties of equilibrium systems most notably phase
diagrams over the entire mesoscopic length scale. In par-
ticular, our scaling procedure overcomes the reported freez-
ing artifact of DPD. However, the validity of our scaling
relation does not necessarily hold for the study of dynamic
properties such as transport processes. To clarify this point,
we briefly discuss the scaling of diffusion in our coarse-
graining procedure. The numerical equivalence of the mea-
sured diffusion constants D˜ =D˜  being a consequence of the
equality of the measured trajectories, see Eq. 34 and the
fact that the diffusion constant scales like length squared
over time causes an apparent problem. It seemingly implies
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FIG. 4. Pressure in a DPD simulation with periodic boundary conditions for
different repulsion parameters a in 0,100 /2/3 for various coarse-graining
ratios  in 1,125. The pressure obtained from the virial theorem is inde-
pendent of the coarse graining.
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that relative fluctuations D˜ /L˜ stay constant instead of vanish-
ing. This is not unexpected but a consequence of the coarse
graining. For a general discussion of the renormalization of
diffusion, see, e.g., Kadanoff.22 To what extent the trajecto-
ries of the particles in DPD can be understood as represent-
ing actual transport processes is discussed by Groot20 and
shown in the approach used, e.g., by Groot and Warren3 and
Jakobsen et al.23 These authors resolve the calibration prob-
lem by treating the natural time unit  as undetermined and
instead obtain the physical time scale t from calibrating dif-
fusion constants measured in simulation to physical values.3
Note that there are applications in which time scales are
of minor interest; for example, for the investigation of static
properties such as lipid phase diagrams only energy scales
are relevant, and a direct physical interpretation is well pos-
sible. The study of dynamic phenomena, on the other hand,
may either be only possible by changing the interpretation of
a DPD particle and understand it as a mere discretiztion
point in a dynamic lattice and its interaction energies as
model parameters without direct physical interpretation, or
by using different scaling schemes based on other choices for
the gauge function therm.
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